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We have discussed the tensor-network representation of classical statistical or interacting quantum lattice
models, and given a comprehensive introduction to the numerical methods we recently proposed for studying
the tensor-network states/models in two dimensions. A second renormalization scheme is introduced to take
into account the environment contribution in the calculation of the partition function of classical tensor-
network models or the expectation values of quantum tensor-network states. It improves significantly the
accuracy of the coarse-grained tensor renormalization-group method. In the study of the quantum tensor-
network states, we point out that the renormalization effect of the environment can be efficiently and accurately
described by the bond vector. This, combined with the imaginary-time evolution of the wave function, provides
an accurate projection method to determine the tensor-network wave function. It reduces significantly the
truncation error and enables a tensor-network state with a large bond dimension, which is difficult to be
accessed by other methods, to be accurately determined.
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I. INTRODUCTION

The simulation of strongly correlated quantum or statisti-
cal systems in two or higher dimensions remains a great
challenge in physics. This has stimulated great interest on the
investigation of so-called tensor-network states or models in
recent years.'~’ A tensor-network state is a high-dimensional
generalization of the one-dimensional (1D) matrix-product
state®? studied by the density-matrix renormalization group
(DMRG).'" It captures accurately the key feature of en-
tanglement in interacting quantum systems and is believed to
be a good starting point for studying correlated systems. On
the other hand, in a classical statistical system with local
interactions, the Boltzmann weight can be expressed as a
tensor product and all thermodynamic quantities can be de-
termined by studying this equivalent tensor-network model.

Strongly correlated quantum spin or fermions systems
pose some of the most intriguing problems in condensed-
matter theory. Theoretical investigation on these problems
generally starts from some simplified quantum lattice mod-
els, such as the Heisenberg model, which describes the inter-
actions among local spins, or the Hubbard model, which de-
scribes the dynamics of band electrons subject to local
Coulomb interactions. It is difficult to solve these models
because the dimension of Hilbert space grows exponentially
with the system size. Furthermore, as quantum fluctuations
are strong in these systems, there are no obvious small pa-
rameters that can be used in perturbative expansions. This is
the main obstacle to the resolution of many fundamental
problems, such as high-T,. superconductivity.

The quantum Monte Carlo and the DMRG are the two
most commonly used numerical methods in the study of in-
teracting quantum lattice models. The quantum Monte Carlo
provides an accurate numerical tool for studying quantum
spin models without frustrations, interacting boson models,
or some special interacting fermion models. However, in
most of fermion systems, such as the Hubbard model away
from half-filling, or quantum spin models with frustrations,
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such as the Heisenberg model on the Kagome lattice, the
quantum Monte Carlo methods are hampered by the “minus-
sign” problem.

The DMRG was proposed by White!? to study ground-
states properties in 1992. It has been then extended to study
thermodynamic''~'# as well as dynamic'>~2! properties of
quantum lattice models. It can be also used to study a system
with nonlocal interactions, either in the momentum space®?
or other basis space.”* An extensive review of DMRG is
provided in Ref. 24. The DMRG minimizes the error in the
truncation of basis states. It yields extraordinary precise re-
sults in one dimension. In two dimensions, the DMRG gives
reasonably good results for small quantum systems.>>%0
However, its truncation error increases dramatically and the
result becomes less reliable as the lattice size gets larger.

The DMRG is an iteration method. It starts by dividing a
system, called a superblock, into two blocks. Like an experi-
mental measurement, it uses one of the blocks as a needle to
probe the states in the other block. The response function
measured by the DMRG is the reduced density matrix. The
DMRG works well in one dimension because it captures the
main feature of the entanglement between the two blocks.
The entanglement spectra is determined by the eigenvalues
of the reduced density matrix, N\;. The corresponding en-
tanglement entropy is defined by

S=—>NInX\,. (1)
1

As pointed out in Ref. 26, the DMRG is to maximize the
entanglement entropy during the basis truncation and can be
regarded as a maximal entropy method.

For a gapped quantum system, the entanglement entropy
is believed to satisfy an area law, namely, the entanglement
entropy scales with the cross-section between system and
environment blocks.?’” For a matrix-product state, the en-
tanglement entropy is bounded by
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S=logD, (2)

where D is the matrix dimension. Thus to accurately repre-
sent a quantum state by a matrix product, the minimal di-
mension of the matrix, above which the wave function con-
verges exponentially, must grow exponentially with the
surface cross-section. In one dimension, the surface contains
just two points, a small number of states D is sufficient to
make DMRG extremely accurate.

In two or higher dimensions, the bond dimension that is
needed for describing accurately a ground state grows expo-
nentially with the system size. It is difficult to use a matrix-
product wave function to represent faithfully a quantum state
in two or higher dimensions. That is why the DMRG can
yield reliable results only in small lattice systems in two
dimensions. It is an intrinsic barrier in the application of the
DMRG in two or higher dimensions.

At a critical point, there is a logarithmic correction to the
area law.?®? This logarithmic correction does not affect
much on the calculation of short-range correlation functions.
However, as it diverges with the system size, it can affect
strongly on the calculation of long-range correlation func-
tions. The minimal matrix dimension will grow exponen-
tially with the system size. This is why the DMRG works
better in a gapped system, for example, the spin-1 Heisen-
berg model, than in a critical system, for example, the spin-
1/2 Heisenberg model.

In 1995, Ostlund and Rommer pointed out that the wave
function generated by the DMRG iteration is a matrix-
product state.” A matrix-product state can be also taken as a
variational wave function. It can be accurately determined by
the DMRG in one dimension.

The DMRG is a one-dimensional algorithm. To apply the
DMRG in more than one dimension, one needs to map a
two- or higher-dimensional lattice into a one-dimensional
one by introducing nonlocal coupling.”® However, locality is
the key of the great performance of the DMRG in one di-
mension. To capture the entanglement between any two
neighboring sites, one needs to keep the locality of interac-
tions.

A tensor-network state is a high-dimensional extension of
the one-dimensional matrix-product state. It keeps the local-
ity of interactions and captures the main feature of the area
law,” since the number of entangled bonds between the sys-
tems and environment blocks is proportional to the interface
area. A tensor-product representation reflects accurately the
short-range entanglement of a quantum state. Like in a
matrix-product state in one dimension, the minimal bond di-
mension that is needed for accurately describing a quantum
state does not depend on the system size in a gapped system.
This is an advantage of using the tensor representation.

The tensor-network representation of quantum states is, in
fact, not new. A typical example of tensor-network state is
the valence-bond-solid state that was proposed by Affleck et
al. more than two decades ago.’ It is the exact ground state
of a class of two-dimensional quantum antiferromagnets. A
tensor-product wave function was also constructed by Nigge-
mann ef al. to study the ground-state properties of the
Heisenberg model on the honeycomb lattice.! They pointed
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out that the calculation of expectation values of tensor-
product states is equivalent to evaluating a classical partition
function. A more general ansatz of tensor-network states was
suggested by Sierra and Martin-Delgado.’! The use of the
tensor-network state as a variational wave function for the
three-dimensional classical lattice model was suggested by
Nishino.3? In 2004, the idea of tensor-network state was dis-
cussed by Verstraete and Cirac? under the name of projected
entangled-pair states. Their work has attracted great attention
because it reveals more clearly the physical picture embed-
ded in the tensor-network representation of quantum states.

Even before the tensor-network wave function was intro-
duced in quantum systems, a tensor-network representation
of the partition function for classical lattice models has been
widely used in statistical physics. A vertex model® is such
an example. Furthermore, as will be discussed in Sec. II, all
classical lattice models with local interactions can be written
as tensor-network models. Unlike in a quantum system, the
local tensor can be readily determined from its Hamiltonian.

In the past decade, a number of variational approaches has
been suggested to determine the tensor-product wave func-
tion in quantum systems.’**> However, the number of free
tensor elements that can be handled by a variational ap-
proach is too small to resolve any physical problems that are
difficult to be resolved by other methods. This is because in
a variational approach, the maximal number of free variables
can be accurately and efficiently determined from the mini-
mization of the expectation value of Hamiltonian is generally
less than 10>—10°. This has limited the bond dimension to be
generally less than 5.

In Ref. 4, we proposed a projection method (or power
method) to evaluate the tensor-network wave function of the
ground state. In this method, the projection operator is ap-
plied iteratively to a random initial wave function by utiliz-
ing the Trotter-Suzuki decomposition. The contribution of
the environment is approximately taken into account by the
diagonal bond matrix. This method is quite efficient and ac-
curate, since in the evaluation of the wave function by the
imaginary-time evolution, the Trotter and truncation errors
do not accumulate in the iteration. At each step of iteration, a
singular-value decomposition for a matrix of dimension dD?
on a honeycomb lattice, or dD* on a square or Kogome lat-
tice, needs to be done. Here d is the dimension of the local
basis set and D is the bond dimension of the local tensor. For
the spin-1/2 Heisenberg model d=2. Nowadays a matrix of
dimension ~10* can be efficiently diagonalized by a desktop
computer. Therefore, a tensor-network state with the bond
dimension up to D=70 on a honeycomb lattice, or D=17 on
a square or Kagome lattice, can be calculated for the S
=1/2 Heisenberg model.

The above projection method is similar that used by Vidal
in one dimension.*® But there is a significant difference be-
tween one and two dimensions. In one dimension, there is a
canonical representation of the matrix-product state in which
the bond vector is preciously the singular spectrum of
Schmidt decomposition. If the matrix-product state is ca-
nonical, then by cutting a bond, the left and right matrix
product states are strictly orthogonal. The projection method
introduced in Ref. 36 can be naturally imposed by applying
the orthogonality condition. However, in two dimensions,
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this kind of orthogonality condition does not exist and the
bond vector is no longer the singular spectrum of any kind of
Schmidt decomposition since to separate a point one needs to
cut at least four bonds on a square lattice. Our approach is to
take the bond vector as an effective entanglement measure of
environment. It goes beyond the canonical representation of
tensor-network wave functions.

To evaluate the expectation values of physical observables
from a given tensor-network wave function, a number of
approaches, including the transfer matrix renormalization
group introduced in Refs. 12—14 or the variational Monte
Carlo methods,® can be used. In Ref. 4, we adopted the
coarse-graining tensor RG (TRG) method proposed by Levin
and Nave.? From the calculation, we find that the TRG can
indeed produce qualitatively correct results when the bond
dimension of tensors is small. However, the truncation error
in the TRG iteration grows rapidly with the bond dimension
of local tensors. This leads to a big error in the calculation of
expectation values. In particular, the ground-state energy and
other physical quantities do not converge in the large bond
dimension limit.

In the TRG method of Levin and Nave, the singular-value
spectra of a local matrix M defined by a product of two
neighboring local tensors is renormalized in the truncation of
basis space. This provides a local optimization of the trunca-
tion space since it does not consider the influence of the
environment tensors which are defined from the whole lattice
by excluding the two tensors on which M is defined. Similar
as in the DMRG, the interplay between the system (M here)
and environment tensors can modify dramatically the
singular-value spectra of M. Thus the renormalization effect
of the environment to M should be considered to globally
optimize the accuracy of physical observable.

In Ref. 5, we introduced a second renormalization method
of tensor-network model (abbreviated as SRG) to study this
renormalization effect of environment. This method can be
used to evaluate the partition functions of classical statistical
models and the expectation values of quantum tensor-
network wave functions. It improves significantly the accu-
racy of TRG. For example, for the two-dimensional Ising
model, we found that this method can improve the accuracy
of the TRG by more than two orders of magnitude in the
vicinity of the critical point and more than five orders of
magnitude away from the critical point by keeping D,,,=24
states. This method also provides a powerful numerical tool
for accurately evaluating the expectation values of tensor-
network states in a quantum lattice model. In contrast to the
TRG, we find that the SRG results for the ground-state en-
ergy of the Heisenberg model on a honeycomb lattice con-
verge quickly with increasing bond dimension D.

The SRG together with the projection method introduced
in Ref. 4 establishes an efficient numerical technique for
studying the tensor-network states of quantum lattice models
in two dimensions. The SRG alone also provides an accurate
numerical tool for studying thermodynamics of classical lat-
tice models. In this paper, we will give a comprehensive
introduction to these methods.

This paper is arranged as follows. Section II is devoted to
a discussion on the tensor-network representation of classical
lattice models. Two methods are introduced to convert a clas-

PHYSICAL REVIEW B 81, 174411 (2010)

sical lattice model into a tensor-network model. One is to
define the local tensor in the dual lattice by performing a
duality transformation and the other is to define the local
tensor by singular-value decomposition in the original lattice.
Section III starts by a brief review of the TRG method. A
detailed introduction to the SRG is then given. Section IV
describes the iterative projection method for determining the
tensor-network wave function of ground state in a quantum
system. The calculation of the expectation values of tensor-
network states is discussed in Sec. V. Section VI is a sum-
mary.

For reference, we summarize a few notations used in this
work: d is the dimension of local physical basis set. D is the
bond dimension of a matrix- or tensor-product state in a
quantum system. D, is the bond dimension of a classical
tensor-network model. In a quantum system, D,=D? is the
bond dimension of the tensor used in the evaluation of physi-
cal expectation values. D, is the bond dimension of the
tensor retained in the TRG or SRG calculations.

II. TENSOR-NETWORK REPRESENTATION OF
CLASSICAL STATISTICAL MODELS

In this section, we discuss about the tensor-network rep-
resentation of classical statistical models with local interac-
tions. It is well known that the one-dimensional spin-1/2
Ising model can be rigorously solved by expressing its par-
tition function as a product of transfer matrix. This is the
simplest example of tensor-network representation of classi-
cal statistical model. A matrix is an order two tensor. A
tensor-network representation of classical statistic model is a
higher dimensional extension of the one-dimensional matrix
product. All statistical models with short-range interactions,
such as the Ising model and the Pott’s model, can be ex-
pressed as tensor-network models.

There are two approaches to represent the partition func-
tion of a classical statistical model in a tensor-network form.
One is to take a duality transformation of the model and
define the tensor in the dual space.®> This can transform a
classical statistical model to a tensor-network model in its
corresponding dual lattice. The order of the local tensor is
the coordinate number of the dual lattice. This kind of trans-
formation is particularly useful if the coordinate number of
the dual lattice is smaller than the coordinate number of the
original lattice. For example, a classical model defined on a
triangular lattice whose coordinate number is 6 can be rep-
resented as a tensor-network model on a honeycomb lattice
whose coordinate number is 3. The dual lattice of a dice
lattice is a Kagome lattice. The square lattice is self-dual.

If the original statistical model includes not only the near-
est neighboring two-site interactions but also many-site in-
teractions within each constitutional unit cell, for example,
three- or four-site interaction within each plaquette in a
square lattice, a tensor-network model can still be defined in
the dual lattice without enlarging the bond dimension of ten-
sor. This is another advantage for representing the partition
function in the dual space.

The second approach is to define the tensor in the original
lattice by taking singular-value decompositions for the local
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bond partitions. This approach can be also implemented in
all kinds of lattices. The order of the tensor is equal to the
coordinate number of the lattice if there are only interactions
between neighboring sites. This kind of representation is
more appropriate for a lattice, such as a honeycomb lattice,
whose coordinate number is small.

A. Tensor-network representation in the dual lattice

Let us take the S=1/2 Ising model defined on a triangular
lattice as an example to illustrate how to express its partition
function as a tensor product in its dual lattice. The Hamil-
tonian of the Ising model is defined by

H=-J2S.S., (3)
(ij)
where S; takes two values *1. This model is rigorously
soluble.?’
The partition function of the Ising model is given by

7 =Tr e—,BH — TI'H eﬂJ(Sl-Sj+S]-Sk+SkS,-)/2,’ (4)

Ajjik

where Tr is to sum over all spin configurations and the prod-
uct is taken over all small triangles. The factor 1/2 is intro-
duced in the above exponent because each bond is shared by
two triangles. This partition function can be expressed as a
tensor network in terms of bond variables through a duality
transformation. The dual lattice of a triangular lattice is a
honeycomb lattice.

Given a bond on the triangular lattice, let us define the
bond spin by the product of two end spins as

(Tl]=SiSj' (5)

This bond spin takes two values o=1 or —1, corresponding
to a state of parallel or antiparallel Ising spins. The partition
function can then be expressed as

z=Tr][ Noyi—S;S )H P it )2 (6)

() Ak

where Tr is to sum over all S and o spins.

Since the number of the bonds (N,,,,) is equal to the sum
of the number of sites (N;,,) and the number of triangles
(Niriangie)» the Np,,,q delta functions in the above equation can
then be equivalently written as a product of N, delta func-
tions defined on all lattice sites, and N,,;,,4, delta functions
defined on all triangles. On each triangle, it is simple to show
that the product of the three bonds spins is equal to one

U ij'k[—SSSSkSkS—l (7)

This is the constraint defined on each triangle, independent
of the original spin variables. Thus the N;,-site delta func-
tions can be integrated out. The partition function then be-
comes

7Z=Tr H M BJ ojjto, k+¢rk,)/2 (8)

Now if use i to denote the site position of the dual lattice,
then the above partition function can be expressed as a stan-
dard tensor-network model
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FIG. 1. (Color online) Schematic representation of the partition
function of a classical system defined by Eq. (8) on the dual lattice
of the triangular lattice, namely, the honeycomb lattices.

Z= TrH Ty 9)

where the trace is to sum over all indices and

l+o.0,0,
Oy ’Bj(g—xl_+o-yl_+ozi)/2 (10)
2

XiYigi

is a third-order tensor defined on the hexagonal lattice. x;, y;,
and z; are the three integer bond indices of dimension D,
=2 defined on the three bonds emitted from site i along the x,
v, and z directions, respectively. Each bond links two sites.
The two bond indices defined from the two end points take
the same values (Fig. 1).

The above derivation can be extended to other lattices. A
square lattice is self-dual. For the spin-1/2 Ising model, it is
straightforward to show that the tensor-network representa-
tion of the partition function on the square is given by

Z= TrH Toya o (11)

where

l+0'0'o'/0'/

Vi [;U(tr oy O, r+o-)r)/2 (12)

Tx,»lx’l»,' = 7
is a fourth-order tensor defined on the dual square lattice. x;,
¥i» X';, and y! are the four bonds connecting site i.

For the honeycomb lattice, its dual lattice is a triangular
lattice. In the dual space, each site has six neighbors. The
order of the local tensor is six. Thus there is no advantage to
carry out the calculation in the dual space.

The above duality transformation can be extended to other
statistical models. For example, the g-state Pott’s model is
defined by the Hamiltonian on a triangular lattice

H=J2 86,-6), (13)
(i.j)
where 6,=0,1,---,q—1 and S8(a—b) is the Kronecker delta
function, it is straightforward to show that its partition func-
tion can be also written as a tensor product in the dual lattice.
But the local tensor is now defined by

xyz = S8(mod[x +y +2z,q])e” =BI[S(x)+8( )’)+5(Z)]/2 (14)

where the bond variable x (similarly y or z) takes integer
values from 0 to g—1. When g=2, the Potts model is equiva-
lent to the spin-1/2 Ising model.

However, it should be pointed out that Eq. (5) is not a
one-to-one mapping. The above derivation can be applied to
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Ok
FIG. 2. (Color online) A unit cell of a square lattice and its
corresponding dual variables.

the Ising model without magnetic field. If a Zeeman term or
a many-site interaction term is added to the Hamiltonian,
then the transformation Eq. (5) can no longer be used. Nev-
ertheless, the tensor-network model can still be defined in the
dual lattice. But the dimension of the tensor has to be ex-
tended from D.=d (d=2 for the spin-1/2 Ising model) to
D.=d*=4 to distinguish the four-spin configurations of S;
and §;.

To understand this more concretely, let us consider an
extended spin-1/2 Ising model in an applied magnetic field
defined on a square lattice

H=-JX88;—~h>2 S;+Jo X S8,  (15)
) i ijkle

where the last term is to sum over all four-spin interaction
terms defined on each plaquette. ijk/ € [J means that ijkl are
the four-vertex indices on each plaquette, as shown in Fig. 2.
The partition function of this model can still be expressed as
a tensor product defined by Eq. (11). But the local tensor
T, is now defined by

NG
,'},')Ci}’j

To'ila'ija'jko'lk = eXP(— BHEI) 50'1.1,11.150'

irliy?

(16)

Oy 1.0,
el ik “ el

where

J h
HD = E(SiS1+SiSj+SjSk+SlSk) - Z(Si+Sj+Sl+Sk)

+J08:8;5:S). (17)

If we assume §;= = 1 for the spin-1/2 Ising model, then /;; is
defined by

Li=(S;+ 1) +(S;+ 1)/2.

It takes four integer numbers from O to 3. The bond dimen-
sion of the tensor is D, =4.

B. Tensor-network representation in the original lattice

A classical statistical model with local interactions in any
spatial dimension can be always expressed as a tensor-
network model in its original lattice. To do this, let us con-
sider a model defined by the following Hamiltonian:

PHYSICAL REVIEW B 81, 174411 (2010)

H=2 K(S.S)), (18)
(ij)
where () denotes summation over nearest neighbors only.

K(S;,S;) is the interaction between two local basis states S;
and ;. The partition function of this model is given by

z=2 1T w(s.s), (19)
{s3} (@i
where

W(Si»Sj) =exp[- BK(Si’Sj)] (20)

defines a matrix whose row and column indices are S; and §;,
respectively. W is not necessary to be symmetric and positive
defined.

Given W(S;,S;), one can take a singular-value decompo-
sition to decouple it into the following form:

W(S,,S) = 2 US, DN V(S,D), (21)
!

where U and V are unitary matrices, N\ is a semipositive
diagonal matrix. If we define

0,(S.1) = U(S,)\, %, (22)

0,(8.1) = V(S,)\ ", (23)
then W can be re-expressed as

W=0,0,. (24)

Now let us group all Q’s that connect to site i. A local
tensor can then be defined by tracing out S; from the product
of these Q’s

Ty =20 00 (Si1)00 (8,900 (S1:2) ... (25)
Si

The order of the tensor is equal to the number of bonds
interacting with site i. The bond dimension is equal to the
site dimension d. This gives a tensor-network representation
of the partition function

Z= TI'H T;c\z e (26)

The two bond indices defined from the two end points take
the same values. The trace is to sum over all bond indices.

On a bipartite lattice, for example, a honeycomb lattice,
the partition function can be simply expressed as

Z= Triegeb Tﬁiv)’ivzi]fj’yj’zj’ @7

where the superscripts @ and b stand for the two sublattices
of the honeycomb lattice, and

Tf\”l,_\',z = E Qa(S’x)Qa(S’y)Qa(S’Z)’ (28)
S
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(a) (b) (c)

FIG. 3. (Color online) Rewiring of a honeycomb lattice by the
singular-value decomposition in the TRG iteration.

T2, = 2 0,(5.00,(5.7)0,(5.2). (29)
S

Moreover, if W is positive and symmetric, then V=U and
Q,=0,. In this case T=T"=T" and the partition function can
be simply expressed as

Z=Tr][ Ty (30)

III. SECOND RENORMALIZATION OF TENSOR-
NETWORK MODEL

A. Overview of TRG

We first review briefly the TRG method.? Let us take the
model defined by Eq. (27) on a honeycomb lattice as an
example to show how the method works.

The TRG is an iterative method. There are two steps at
each iteration. The first step is to rewire a honeycomb lattice
to a triangle-honeycomb lattice as shown in Fig. 3(b). This is
done by transforming a pair of neighboring tensors, 7% and
T?, into two new tensors S¢ and S? defined in the rewired
lattice, by performing a singular-value decomposition as
schematically shown in Fig. 4. The common bond index of
T% and T? is first contracted to form a matrix M defined by

M j= > Tfﬂiijglkl' (31)

m

The dimension of M is the product of the corresponding
bond dimensions. The initial dimension of M is D2. The
singular-value decomposition is then applied to decouple this
matrix into the following form:

Mli,jk = E Uli,nAank,m (32)

n=1
where U and V are two unitary matrices. A, is a semipositive
diagonal matrix arranged in descending order. It measures
the entanglement between U, and V,,. The dimension of A is

1 i 1 iUl
1
=X
m e —— — n|A
) k i \Y
J k § K

FIG. 4. (Color online) Schematic representation of Egs. (31) and
(32).
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FIG. 5. (Color online) Schematic representation of Eq. (35). A
local tensor 7 is defined by contracting the three internal bonds on
each triangle.

equal to that of M, higher than the original bond dimension.
To carry out the calculation iteratively, one has to truncate
the basis space to a manageable level and retain D, largest
singular values and the corresponding vectors. After that, one
can define two new tensors

SZli = Uli,n \'/A_n’ (33)
Szjk = ij,n \/A_n' (34)

The second step is to contract each small triangle in the
rewiring lattice to define two new local tensors in the
squeezed honeycomb lattice (Fig. 5)

T)(;'Z=E S ykSiks (35)
ijk

where a=a or b. After that, the lattice size is reduced by a
factor of 3.

By repeating the above steps iteratively, one can finally
reach a hexagonal lattice with only six tensors. The partition
function can then be evaluated by tracing out all bond indi-
ces of these six tensors, assuming a central symmetric
boundary (Fig. 6).

B. SRG

The above TRG iteration minimizes the truncation error
of local matrix M. However, as pointed out in Ref. 5, it does
not consider the influence of the environment which contains
all the lattice points excluding the two on which M is defined
(Fig. 7). In real calculation, it is the truncation error of the
partition function rather than that of the local matrix M that
should be minimized. This means that the TRG is just a local
optimization method.

FIG. 6. The last six sites in the TRG iteration. A central sym-
metric boundary condition is assumed.
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(a)

FIG. 7. (Color online) (a) Configuration of a system and (b) its
corresponding environment lattice.

To optimize the partition function globally, one needs to
consider the renormalization effect of the environment to M.
In Ref. 5, this is called the second renormalization method of
tensor-network model (SRG). This SRG method, as demon-
strated in Ref. 5, can incorporate efficiently the renormaliza-
tion effect of environment and improve significantly the
TRG method.

The difference between TRG and SRG is similar
to the difference between the conventional Wilson-block
renormalization-group method® and the DMRG.!? In the
conventional block renormalization-group method, it is the
block Hamiltonian that is optimized without considering the
interaction between different blocks. However, in the
DMRG, the basis states of the system block are optimized by
fully considering the interplay between system and environ-
ment blocks via the reduced density matrix. The singular
values in the DMRG are the coefficients of the Schmidt de-
composition of the density matrix. They measure the en-
tanglement between system and environment blocks.

This can be understood more clearly by expressing the
partition function as a product of M and its corresponding
environment matrix M*

Z=Tr MM®, (36)

where M¢ is defined by contracting over all bond indices in
the environment lattice. From this formula, it is clear that to
reduce the error in Z, one needs to minimize the truncation
error of MM¢, not just that of M.

We will discuss how to determine the values of M¢ later.
Once M¢ is known, its renormalization to M can be done in
the following steps. (1) To take a singular-value decomposi-
tion for M¢

jkll 2 jkn nY lin> (37)

where U¢ and V¢ are two unitary matrices and A€ is a semi-
positive diagonal matrix. This step is taken to ensure that the
renormalization effect of M¢ to M can be more symmetri-
cally treated and the truncation error of the partition function
is minimized.

(2) From the above decomposition, one can define a new
matrix
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%(Anl)l/z znlMll/kU/knz(A )1/2- (38)
i

And represents the partition function as

Z=Tr M. (39)

This equation means that the error of the partition is mini-
mized if the truncation error of M is minimized. Now we

perform a singular-value decomposition for M

E UnsAaViy (40)

again. U and V are two unitary matrices and Aisa semiposi-
tive diagonal matrix. According to the least-square principle,

the truncation error of M is minimized if the D, largest
singular values of A are retained in the truncation.

(3) By substituting the truncated M back to Eq. (38), one
can represent M as

M= 2 Vi, (A 72M, L (A )T2US, - (41)

nyny

It can be further expressed as a product of two tensors

D(‘LU
Mll Jk T E Sn llSn ko (42)
where
nlt 2 Zlnl Zl)_l/zl}nl,n(ﬂn)llzv (43)
Sk = 2 (AL ) T2V, (R (44)

are the two tensors defined in the rewired lattice.

Then one can follow the steps of TRG to update tensors
T% and 7” in the squeezed lattice by taking the coarse-grain
decimation of S* and S”. This completes a full cycle of SRG
iteration. By repeating this procedure, one can finally obtain
the value of partition function in the thermodynamic limit.

C. Determination of the environment tensor M¢

In the DMRG calculation, a superblock can be separated
into a system block and an environment block by cutting one
bond. Thus the environment can be readily identified and
integrated out. However, in the TRG method, it is highly
nontrivial to handle the environment. To separate the envi-
ronment from the system block, one needs to cut four bonds.
The system contains only two sites and the environment con-
tains all rest of sites. In this case, it is even more difficult to
evaluate the contribution of the environment than the parti-
tion function itself in the TRG.

The key step in the SRG is to calculate the environment
tensor M°. In this respect, two approaches can be used. One
is to take a mean-field approximation (or cavity approxima-
tion) to account for the environment contribution.” This is a
cheap but less accurate approach. It is based on an intuitive
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FIG. 8. (Color online) Schematic representation of the iterative
renormalization to the singular values A of M. M is obtained from
Eq. (38) by taking a mean-field approximated M¢ defined by Eq.
(45).

interpretation to the singular values A of M. The other is a
more accurate approach. It is to evaluate M° directly from
the environment lattice.

Let us first consider the “mean-field” approach.’ As men-
tioned before, the singular bond vector A, of M defined by
Eq. (32) is a measure of the entanglement between the cor-
responding basis states U, and V,,. It can be also regarded as
a measure of the interaction between the two-end basis ten-
sors U and V linked by this bond. If we assume that this
singular vector also measures the entanglement between the
system and the environment on all four dangling bonds
(i,j,k,l) connecting these two subsystems, then the environ-
ment matrix M¢ (up to an irrelevant prefactor) is approxi-
mately given by

ik = VAN A (45)
The reason we use A'? instead of other exponent of A as the
weighing factor from the environment is because half of A
can be associated to the system and the other half to the
environment. This is a simple but crude approximation.
However, as will be shown later, it does reveal the impor-
tance of the renormalization effect of environment in the
optimization of TRG.

To apply the above approximation, one needs to first cal-
culate the singular vector A of M and then substitutes it into
Eq. (45) to find M*. From Egs. (38) and (40), one can find a

new singular vector A. This A incorporates partial contribu-
tion from the environment. To treat more accurately the en-

vironment contribution, one can replace A in Eq. (45) with A
and repeat the above calculation iteratively. A graphic repre-
sentation of this renormalization procedure is shown in Fig.
8.

In the above renormalization procedure, the truncation er-
ror of the partition function can be iteratively reduced. The
iteration can be terminated when the truncation error is less
than a desired value. In most of calculations, we find that two
to three iterations are enough. However, at the critical point,
more iterations are generally needed. The precision of the
truncation error is not necessary to be set too high. If too
many iterations are taken, some of the smallest singular val-
ues may become smaller than the machine error. In this case,
further iterations will increase rather than reduce the error in
the final result.

One can also treat self-consistently the above mean-field
approximation, namely, to require the bond vector A used by
M° in Eq. (45) to be the singular values defined in Eq. (40).
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>
N

(a) 6 sites

(b) 10 sites

(d) 24 sites

FIG. 9. (Color online) Configurations of a finite honeycomb
lattice with 6, 10, 16, or 24 sites. The corresponding environment
lattice, by excluding the two red vertices, contains 4, 8, 14, and 22
sites, respectively.

This self-consistent approximation implies that the system is
scaling invariant. It might be a good approximation at the
critical point.

A more accurate and reliable approach is to evaluate M*
from the environment lattice without taking the above mean-
field approximation. For small lattice systems, for example,
with only 6, 10, 16, and 24 sites as shown in Fig. 9 (the
corresponding numbers of sites in the environments are 4, 8,
14, and 22, respectively), M¢ can be rigorously evaluated by
contracting over all bond indices in the environment.

Figure 10 shows how the relative error of the free energy,

f(T)
fex(T)
varies with the environment size for the Ising model on a

triangular lattice. f(7) is the calculated free energy. f,,(T) is
the exact free energy of the Ising model on a triangular lat-

ST =1-

(46)

—TRG
—— 4 points
—— 8 points
14 points
—— 22 points

10'“ 1 1 1 1 1 1
32 3.4 3.6 38 4.0 4.2 44

T

FIG. 10. (Color online) Relative errors of the free energy for the
Ising model on a triangular lattice obtained by considering the sec-
ond renormalization effect from four finite environment lattices
which contains 4, 8, 14, and 22 sites, respectively. The configura-
tions of these environments are shown in Fig. 9. The TRG result is
also shown for comparison.
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FIG. 11. (Color online) One step of the forward iteration of the
environment lattice.

tice derived by Wannier.’” The critical temperature of a para-
magnetic to ferromagnetic phase transition is 7.=4/In 3. As
expected, the relative error of the free energy decreases with
the increase in environment lattice. Thus the renormalization
effect of M to M can be more and more accurately described
by increasing the environment size.

For a larger environment lattice, M° cannot be evaluated
by directly tracing out all bond indices. An accurate and
efficient approach we proposed in Ref. 5 is to use the TRG to
calculate M°. This can be achieved by performing a forward
iteration, followed by a backward iteration, described below.

1. Forward iteration

This is similar as in the standard TRG calculation. We
apply the TRG to coarse grain the environment. At each step,
one first constructs the M matrix from Eq. (31) by tracing out
the common bond of two neighboring sites on which the M
matrix is defined. Then a singular-value decomposition for
this matrix is taken to find the corresponding S%" and S
tensors using Egs. (33) and (34), where the superscript n
denotes the nth TRG iteration.

Figure 11 shows how the environment lattice changes at
the nth TRG iteration. For a given environment lattice as
shown in Fig. 11(a), a rewired lattice whose configuration is
given by Fig. 11(b) is derived by the singular-value decom-
position. A decimated lattice, shown in Fig. 11(c), is then
obtained by contracting over the three internal bonds on each
triangle and replacing it by a single lattice point. This new
configuration of environment can be separated into two parts
as shown in Figs. 11(d) and 11(e). After rotating by 90°
clockwise, Fig. 11(e) looks exactly the same as the original
environment lattice as shown in Fig. 11(a), except that the
size of this reduced environment lattice is by a factor three
smaller than its original one.

If we use M~ to denote the environment matrix corre-
sponding to the environment lattice shown in Fig. 11(a), then
from Fig. 11, it is straightforward to show that it satisfies the
following recursion formula:

(n=1) _ (n) an can b ob.n
Mlijk - 2 EMl’i’j’k’Si’pISj’ipSk’qul’kq’ (47)
U'i'j'k" ra

where M¢=M© is the final result to be found.
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FIG. 12. (Color online) Comparison of the relative error of the
free energy for the Ising model on triangular lattices obtained using
TRG (red), the mean-field approximated SRG (blue), and the SRG
(black) methods with D,,,=24, respectively. The critical tempera-
ture is 7,=4/In 3.

The above steps can be repeated until M¢ for a sufficiently
large environment lattice can be accurately determined. If we
assume that the above iteration is terminated at the Nth step
so that only four sites are left in the reduced environment
lattice as shown in Fig. 9(a), then M") can be determined by
the following formula:

N
M;ijl)cz 2 TZbIYZicTijTZch’ (48)
abed
where the center-symmetric boundary conditions are as-
sumed. T* (a=a,b) is given by

Ty = 2 Sysysal. (49)

ijk

2. Backward iteration

In Eq. (47), M"Y is determined by the environment ma-
trix M" which is to be evaluated from the next iteration.
Thus MV cannot be directly determined from the above
forward iteration. However, we can do a backward iteration
from M™ to find the environment matrix M¢=M using Eq.
47).

From the above forward-backward iteration, one can cal-
culate accurately the environment tensor M¢. In practical cal-
culations, we find that there is no need to use a large N, since
the environment tensor M° converges quickly with the in-
crease in environment lattice.

Figure 12 compares the relative errors of the free energy
for the Ising model on a triangular lattice obtained using the
TRG, the mean-field approximated SRG, and the SRG meth-
ods, respectively. We find that the mean-field approach of
SRG can improve dramatically the accuracy of the results.
This shows that our intuitive assumption for the mean-field
character of A has indeed caught the main feature of the
entanglement between system and environment lattices. As
expected, the improvement of SRG is even more impressive.
It improves the accuracy for more than five orders of mag-
nitude away from the critical point and for more than two
orders of magnitude at the critical point by keeping only
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FIG. 13. (Color online) The relative error of the free energy as a
function of the truncation dimension D, for the Ising model on
triangular lattices obtained using the TRG (black) and SRG (blue),
respectively. 7=3.2.

D.,,=24 states. The accuracy can be further improved if the
environment is determined self-consistently by SRG which,
however, will increase the time cost.

Furthermore, we find that the improvement of the SRG
over the TRG becomes more and more pronounced with in-
creasing D. Figure 13 shows how the relative errors change
with D, for the Ising model on triangular lattices.

D. Other lattices

The above SRG approach can be extended to apply to
other kinds of two-dimensional lattices, such as square or
Kagome lattices. Let us first consider a square lattice. Unlike
in a honeycomb lattice, the M matrix is now the 7 matrix
defined at each lattice site. The TRG iterations on square
lattices can be done using the approach introduced in Ref. 3.
To evaluate the environment matrix M¢ at each TRG itera-
tion, one can still use the forward-backward iteration scheme
of SRG introduced on a honeycomb lattice. To do this, we
need to first convert a square lattice to a honeycomb lattice.
This can be done by singular decomposing the fourth-order T
tensor defined at each square-lattice point into two separated
third-order tensors along a diagonal direction. A graphical
representation of this decomposition of the square lattice is
shown in Fig. 14.

After this conversion, the environment has the same con-
figuration as that for a honeycomb lattice shown in Fig.
11(a). The only difference is that in the present case the
dashed bonds in Fig. 14(b) have higher dimensions than the
solid bonds. Therefore, the forward-backward iteration

(a) (b)

FIG. 14. (Color online) To convert (a) a square lattice to (b) a
honeycomb lattice by singular decomposing the fourth-order tensor
T at each point into two separated third-order tensors along the
direction indicated by the red dashed lines.
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21 22 23 24
T
FIG. 15. (Color online) Comparison of the relative errors of the

free energy for the Ising model on a square lattice obtained by the
SRG with those obtained by the TRG. D=24.

scheme previously introduced can be used to calculate M*
for a square lattice.

Figure 15 compares the relative errors of free energy for
the Ising model on the square lattice obtained by the TRG
with those obtained by the SRG. Similar as for the honey-
comb lattice, we find that the SRG is much more accurate
than the TRG. It improves the accuracy for more than three
orders of magnitude away from the critical point and for
more than one order of magnitude at the critical point over
the TRG by keeping D, =24 states.

The SRG scheme introduced on the honeycomb lattice
can be also applied to a tensor-network model defined on a
Kagome lattice. A Kagome lattice can be converted to a hex-
agonal lattice in the following two steps. First, we singular
decompose each local tensor to rewire the Kagome lattice
[Fig. 16(a)] to a triangular-hexagonal lattice [Fig. 16(b)].
Second, we contract all triangles in Fig. 16(b) by tracing out
all internal bonds on each triangle. This yields a honeycomb
lattice as shown in Fig. 16(c). Then one can calculate all
thermodynamic quantities just using the method developed
for the honeycomb lattice.

IV. QUANTUM TENSOR-NETWORK STATES

As mentioned before, the wave function generated by the
DMRG is a matrix product state. It can be shown that any
wave function in one dimension can be faithfully expressed
as a matrix product. In two or higher dimensions, a matrix-
product wave function is no longer a good description of the
ground state, since the minimal matrix dimension that is

FIG. 16. (Color online) To convert (a) a Kagome lattice to (c) a
honeycomb lattice by rewiring with singular-value decompositions
and contraction.
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needed for accurately describing the state grows exponen-
tially with the lattice size.

A tensor-network state is a natural extension of the one-
dimensional matrix-product state in two or higher dimen-
sions. It captures the main feature of entanglement between
different parts of wave function. For a quantum spin system,
for example, a tensor-network wave function can be ex-
pressed as

=TI 7, [m]lmy). (50)

where T;inZi---[mi] is the tensor defined at site i. The order of
this tensor is the number of spins interacting with S;. If there
are only nearest-neighbor interactions, the rank of 7[m,] is
just the coordinate number of the lattice, which is 3 for a
honeycomb lattice, 4 for a square or Kagome lattice, and 6
for a triangular lattice. The subscripts (x;,v;,z;,...) are bond
indices. m; is a set of local basis states. The trace is to sum
over all basis configurations and over all bond indices. The
local tensor 7' is generally site dependent. However, if the
system is translational invariant, then T can be site indepen-
dent.

To determine the local tensor T'[m;,], a commonly adopted
approach is to take all the tensor elements as variational pa-
rameters and to determine them by variationally minimizing
the ground-state energy

UL
W

However, the number of variational parameters that can be
efficiently handled by the minimization is only a few hun-
dreds. This limits the bond dimension that can be handled to
be generally less than 5 on a square lattice. Moreover, the
accuracy of the wave function such obtained is very low.

In Ref. 4, we proposed an iterative projection method to
determine the tensor-network wave function. This is a more
efficient and accurate method. Below we take the S=1/2
Heisenberg model on a honeycomb lattice to demonstrate
how the method works. The model Hamiltonian is defined by

E (51)

H=>H,;, (52)
(ij)

Hl'szSl"Sj, (53)

where (ij) stands for summation over nearest-neighboring
sites.

The honeycomb lattice is a bipartite lattice. It can be di-
vided into two sublattices, denoted as a and b, respectively.
A translation invariant tensor-network wave function can, in
general, be represented as

[ =Tr II NN NAL[mB,, - [mmmy), (54)
iea,jeb oro e [

where Axiy[zi[m,-] and BX/-V ,zj[m ;] are the tensors defined on the

two sublattices, respectively. A, (@=x,y,z) is a positive

bond vector of dimension D, defined on the bond emitted

from site i along the « direction. m; is a local spin basis set
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of dimension d. The trace is to sum over all spin configura-
tions and over all bond indices.

In Eq. (54), we introduce explicitly the bond vectors \ in
the tensor-network wave function. These N\, as will be dis-
cussed below, measure approximately the entanglement be-
tween two neighboring sites. Since each bond connects with
two tensors, one can regard each \ as a product of two \!/?
and associate each of them to one of the tensors. In other
words, one can take A2 as a mean-field measure of en-
tanglement acting from one tensor to another. In the calcula-
tion of the tensor-network state by projection, the renormal-
ization effect from the environment tensors needs to be
considered. This renormalization effect, similar as in the ap-
plication of the SRG, can be taken into account approxi-
mately by these effective entanglement fields. This approxi-
mate treatment of the renormalization effect from the
environment, as will be discussed below, works very well. It
provides an accurate and efficient method for determining
the tensor-network wave function.

In the projection method, the ground-state wave function
is determined by applying the projection operator exp(—7H)
to an arbitrary initial state | ") which is not orthogonal to the
true ground state. In the limit 7— o, the resulting wave func-
tion will converge to the ground state of H. However, this
projection cannot be done in a single step since the terms in
H defined by Eq. (53) do not commute with each other. In-
stead, one needs to use a small 7 and apply this projection
operator to | W) iteratively for sufficiently many times.

Let us start by dividing the Hamiltonian into three parts

H:Hx+Hy+HZ,

HazzHi,Ha (a=x7y,Z)-

ica

H, (a=x,y,z) contains all the interaction terms along the «
direction only. These terms commute with each other. For
small 7, one can use the Trotter-Suzuki formula to decouple
approximately exp(—7H) into a product of three terms

e ™M = " Mp= ™y~ x4 o(7). (55)

A projection of H can then be readily performed using exp(
—7H,) (a=x,y,7) in three steps.

In the first step, the projection is done with H,. As H,
contains only the interaction terms between two neighboring
spins connected by horizontal bonds, this projection gener-
ates a new wave function

Wy =T T1 X (mimjle"rlmm,),

i€a,j=i+x mjm;

NN A Ay [midBy oy [m)] imm}), (56)

where any two tensors linked by a horizontal bond are mixed
by the matrix elements of the local projection operator. In
order to perform the projection for the next step, one needs
to separate these two tensors so that the wave function can
return back to its original form.
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To do this, let us define a (D?d) X (D*d) matrix using the
two tensors on a horizontal bond and the bond vectors con-
nected to these tensors

EE<mmle

mj

YIZlm 2 e i ijT|m[.mj>’

NN Ay [mINB

AYiZi

[N\ (57)

XYz

In this definition, the four bonds that connect to the environ-
ment, i.e., y;, Z;, ¥, and z;, are weighted by the corresponding
bond vector \, rather than \'2. These extra \*’s are in-
cluded on these four bonds to mimic the renormalization
effect from the environment. This, similar as in our Poor
Man’s treatment of SRG, is a mean-field-type treatment to
the environment. It is a key step in the application of this
projection method. Without considering this renormalization
effect, the iteration does not even converge.

We then take the singular-value decomposition to decom-
pose the above S matrix into a product of two tensors at sites
i and j, respectively

Sy = 2 UszmphVyom o (58)
X

(AR Ao A g |

where U and V are two unitary matrices and )tx is a positive

diagonal matrix of dimension D?d. ):X is the singular-value
matrix of S. It measures the entanglement between U and V
tensors.

To process the iteration, one has to truncate the basis

space by keeping only the D largest singular values of Xx.

The truncated XX is then set as the new A, for the next itera-
tion. After this, tensors A and B are updated as follows:

A-"Yizi[mi] = )\)_';1 )\;1 inzimi’x’ (59)

[m]=N\, A (60)

x)z yzmx

This completes the projection for all horizontal bonds.
The projection for the bonds along y or z direction can be
done in the same way. By repeating this iteration procedure,
an accurate ground-state wave function can be finally deter-
mined. In practical calculation, we find that the projection
converges more efficiently if the second-order Trotter-Suzuki
decomposition formula is used to decouple the projection
operators along different directions.

In Eq. (57), the renormalization effect of the environment
is taken into account by a mean-field approximation. This
approximate treatment does not minimize the truncation er-
ror at each step of projection. However, this does not affect
the converging speed of the wave function, since the Trotter
and truncation errors do not accumulate in the iteration of
projection.

To see how well this projection method works, let us con-
sider a one-dimensional system. In one dimension, one can
do a canonical transformation to convert a matrix-product
wave function into a canonical form, in which the left and
right subblocks are strictly orthogonal and \? are the eigen-
values of the reduced density matrix.’® If this canonical
transformation is applied to the matrix-product state before
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FIG. 17. (Color online) Upper panel: comparison of the ground-
state energy of the 1D Heisenberg model as a function of iteration
number obtained using the projection method with and without tak-
ing canonical transformation for the matrix-product wave functions,
E.., and Eyr. Lower panel: the energy difference Eyr—E.,,. The
bond dimension D=10.

can*

each projection, then the truncation error is minimized and
the wave function such obtained is the most accurate one.

In the upper panel of Fig. 17, we have compared the con-
verging speed for the ground-state energy obtained by taking
the canonical transformation, E,,,, with that obtained by
simply using the mean-field approximation, Ej, starting
from a randomly generated wave function for the one-
dimensional Heisenberg model with the bond dimension D
=10. As can be seen from the figure, both E.,, and Ep
converge to the true ground-state energy of D,,=10 quickly.
It is impossible to see the difference between E.,, and Ey
on the energy scale of the figure. In the lower panel of the
figure, we show the energy difference E);—E,,, as a func-
tion of the iteration number. At the beginning of the iteration,
Eyr is slightly higher than E,_,,, indicating that the wave
function obtained by the canonical approach is indeed more
accurate, as expected. However, the difference between these
two energies approaches to zero with increasing number of
iterations, indicating that the wave function obtained using
the mean-field approach does converge to the true ground-
state wave function. The application of the mean-field
method does not need to perform the canonical transforma-
tion at each step of projection. Thus in many cases it can be
more efficient than the canonical approach in the evaluation
of the wave function.

However, it should be pointed out that the above mean-
field treatment to the environment cannot be simply applied
to the calculation of time-dependent or thermodynamic quan-
tities with the above projection method. This is because in
the calculation of time-dependent or thermodynamic quanti-
ties, both the Trotter and truncation errors will accumulate
with the step of iterations and the long-time (or imaginary
time in the calculation of thermodynamic quantities) results
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S[z]

FIG. 18. Graphical representation of the spin-conservation law
defined by Egs. (61) and (62). The bond spin takes a positive/
negative sign if the bond arrow points toward/outward the vertex.

may not converge. In this case, a more rigorous treatment to
the renormalization effect from the environment should be
considered to minimize the accumulated Trotter and trunca-
tion errors.

In practical calculation, the symmetry of the Hamiltonian
can be used to block diagonalize tensors A and B in Eq. (54).
This can improve greatly the efficiency of the calculation and
allows larger bond dimension to be handled. For example,
the conservation of the spin component along the z axis, S,
can be readily enforced by requiring the bond spins to satis-
fying the equation

S[xil + SLyi] + Slzi] = m; (61)
for the tensor on the a sublattice and the equation
_S[xj]_S[yj]_S[Zj]=mj (62)

for the tensor on the b sublattice. In the above equations,
S[a] is the spin quantum number of the bond index a.

Graphically, the above spin-conservation law can be rep-
resented by an arrow rule as shown in Fig. 18. We put an
arrow on each bond to represent the sign factor for the virtual
bond spin. An inwards/outwards arrow takes a positive/
negative sign. The conservation law is defined at each vertex,
given by the equality that the sum of the bond spin times its
arrow sign is equal to the physical spin at the vertex. This
arrow rule can be extended to apply to all kinds of lattices,
no matter they are bipartite or nonbipartite.

At each projection of a pair of tensors, for example, the
two tensors linked by a horizontal bond, A, , . and BX,»&',-,Z,-
(xj=x;), the conservation of total S, is satisfied if

Slyi + Slz;] = m; = S[y;] + S[z;] + m;. (63)

From Egs. (61) and (62), it is simple to show that the sum
of S, on the whole lattice is zero

Z m;=0. (64)

Thus the tensor-network wave function satisfying the above
conservation conditions has total S,=0. One can also con-
struct a tensor-network wave function with nonzero total S,
by modifying Eqs. (61) and (62) on some of the lattice
points. But in this case, the wave function is no longer trans-
lation invariant.

It is straightforward to extend the above projection
method to other quantum lattice models with short-range in-
teractions either in a honeycomb or other kinds of lattices in
two or higher dimensions. At each step of projection, a
singular-value decomposition of a D"'dX D“'d matrix
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needs to be calculated, where z is the coordinate number of
the lattice. The largest bond dimension D that can be studied
depends on the coordinate number z. The larger the z, the
smaller the D that can be handled.

V. CALCULATION OF PHYSICAL OBSERVABLES

Now let us consider how to calculate the expectation val-
ues of a physical operator O

(]O|W)

="y

(65)
For a given tensor-network wave function |¥), it is simple to
show that both denominator and numerator can be expressed
in the form of tensor products. In particular, the denominator
has a similar form as for the partition function of a classical
statistical model

<\P|‘lf>=Tr H miYiZiT?(ijzj’ (66)
iea,jeb
where T and T? are the local tensors on the two sublattices
defined by

T[)z(,.yizi = 2 Axi)'izi[m]A)’c.’y.’z.’[m]’ (67)
T?(I.yizi = E Bxiyizi[m]B)’C-,y-’Z-,[m]’ (68)

where X;=(x;,x/), Y;=(y;,y;), and Z;=(z;,z;). The bond di-
mension of these local tensors is D,=D?.

The numerator differs from the denominator only in the
definition of the local tensors on the sites where the physical
operators are defined. For example, in the evaluation of the
ground-state energy, one needs to calculate the expectation
value of H,,

(Hi2)=J 2 (S1.45.0)- (69)

a=x,y,z

This can be calculated from the sum of the above three terms
on the right-hand side. The corresponding local tensors on
sites 1 and 2 are defined by

T)S(i.}%zi= E Axiyizi[m]Axl.’yi’zi'[m,]<m,|Sl,a|m>’
mm'

Ty = 2 By [mIByyrlm' Xom'|Sy ol m).
mm'
The definition of local tensors on the other sites is un-
changed. For the Heisenberg model on the honeycomb lat-
tice, the ground-state energy per site is given by 3(H,)/2.
The spin-conservation law defined by Egs. (61) and (62)
can be also implemented to tensors T¢ and 7. If we define

S[X;]=S[x;] - S[xl-’], (70)

and similarly for S[Y,] and S[Z;], then the spin conservation
for 7% or T? is then given by
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FIG. 19. (Color online) The SRG result of the ground-state en-
ergy as a function of the truncation dimension D, for the Heisen-
berg model on a honeycomb lattice. D is the bond dimension of the
wave function.

S[X;]1+ S[Y;]+ S[Z]=0. (71)

The expectation value in Eq. (65) can be calculated using
the SRG method*? introduced in Sec. III. Figure 19 shows
how the ground-state energy varies with the truncation di-
mension D, for the Heisenberg model on a honeycomb lat-
tice. For the three cases shown in the figure, the ground-state
energy shows a small variance at the fifth decimal when D,
is above 80. This variance results from the truncation error in
the SRG calculation. The ground-state energy does not de-
crease monotonically with D, because SRG is not a varia-
tional approach.

Figure 20 shows the ground-state energy of the Heisen-
berg model as a function of the bond dimension D obtained
using the SRG. The result converges quickly with increasing
D. This is because the ground-state energy is determined
by the local correlation function. It is insensitive to the
long-wavelength fluctuation of the wave function. The
converged ground-state energy of D=16 is —0.54440 by
keeping D.,=130 states. It agrees with the most recent
Monte Carlo result E=-0.54455(20).4C It is also consistent
with the spin wave*' (-0.5489) as well as the series
expansion®? (~0.5443) results.

For the Hamiltonian, or any other physical operators
which commute with H, the ground state |\I’> can be a com-
mon eigenfunction of these variables. The expectation values
of these conserving physical variables can be also evaluated
by the following equation:

T T T T T T T
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FIG. 20. The ground-state energy of the Heisenberg model on a
honeycomb lattice as a function of the bond dimension D obtained
by the SRG with D,,,,=130.
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FIG. 21. The staggered magnetization as a function of D for the
Heisenberg model on a honeycomb lattice.
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(0)

where |®) is an arbitrary wave function that is not orthogo-
nal to |¥). An advantage for evaluating the expectation value
using this formula is that the bond dimension of |®) can be
much smaller than |¥). This can reduce the bond dimension
D, for the tensors used in Eq. (66) and allow a tensor-
network wave function with a relatively larger bond dimen-
sion to be studied.

For the Heisenberg model on a honeycomb lattice, the
ground state is spontaneous symmetry broken. It possesses a
long-range antiferromagnetic order with a finite staggered
magnetization. The staggered magnetization measures the
long-range spin-spin correlation functions. In an applied
staggered magnetic field, the spin-wave excitation is gapped.
The spin-spin correlation function, excluding a constant
long-range term, decays exponentially with their distance.
However, in the absence of an applied staggered magnetic
field, the spin-wave excitation is a gapless Goldstone mode.
The low-energy, or long-wavelength, spin fluctuation is
strong in a Honeycomb lattice. These low-energy fluctua-
tions can affect strongly the behavior of the staggered mag-
netization in the low-field limit.

In the ground state of which the SU(2) spin-rotation sym-
metry is broken by applying a staggered magnetic field A,
(assuming along the z axis), the staggered magnetization can
be evaluated from the formula

1
Ms= §<SI,Z_S2,z>' (73)

Figure 21 shows the SRG results*? for the staggered magne-
tization M, as a function of the bond dimension D in the
zero-field limit 2, — 0. In contrast to the ground-state energy,
M, converges slowly with increasing D. When D=16, we
find that M;=0.3098, which is higher than the recent quan-
tum Monte Carlo result,*® M,;~0.2681(8). It is also higher
than the result obtained from the spin-wave theory,*' M,
=0.24, or the series expansion,*? M,=0.27. This difference is
due to the quantum fluctuation in the ground state. In the
ground state, the spin excitation is gapless and the spin-spin
correlation is long ranged. However, for a tensor-network
wave function, this long-range spin-spin correlation is termi-
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FIG. 22. (Color online) The field dependence of the staggered
magnetization M for the Heisenberg model on a honeycomb lattice.
The inset shows the h‘:/ 2 dependence of M.

nated by the finite bond dimension. This is a drawback of the
tensor-product wave function in the studying of a gapless
state. This kind of error can be reduced by increasing the
bond dimension of the tensor-product state or by adopting
other kinds of tensor-network wave functions.

To understand this more clearly, we compare the SRG
result for the staggered magnetization as a function of an
applied staggered field i with that obtained from the spin-
wave theory in Fig. 22. At high field, the two results agree
qualitatively with each other. This is because in a finite field,
the spin-wave excitation is gapped and the entanglement en-
tropy satisfies the area law. In this case, the tensor-network
wave function is a good approximation to the true ground
state. However, in the limit 4, — 0, the spin-wave excitation
becomes gapless and the critical spin fluctuation becomes
important. In particular, as shown in the inset of Fig. 22, the
staggered magnetization obtained by the spin-wave theory
varies as Vh, in the low-field limit. This VA, dependence of
the staggered magnetization is due to the low-energy (or
long-wavelength) spin excitations. The long-wavelength cor-
relation is not included in the tensor-network approximation
of the ground state. It leads to the error in the SRG result of
the zero-field staggered magnetization for finite D.

The staggered magnetization in the zero-field limit can
nevertheless be more accurately estimated by extrapolating
the SRG result to the limit D—o°. Figure 23 shows the
fourth-order polynomial fit to the SRG results of staggered
magnetization as a function of 1/D. The extrapolated stag-
gered magnetization in the limit 1/D—0 is about 0.285, in
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FIG. 23. (Color online) The staggered magnetization as a func-
tion of 1/D for the Heisenberg model on a honeycomb lattice.
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agreement qualitatively with the quantum Monte Carlo re-
sult, M,~0.2681(8), as well as the series expansion one,
M,=0.27.

VI. SUMMARY

In this paper, we have discussed the tensor-network rep-
resentation of classical statistical models and given a com-
prehensive introduction to the iterative projection and the
SRG methods. A classical statistical model with local inter-
actions can be represented as a tensor-network model either
in its original lattice or in its dual lattice. The order of local
tensor is equal to the coordinate number of the lattice on
which the tensor-network model is defined. In practical cal-
culation, one should choose a tensor-network representation
in which the order of local tensors is the smallest. For ex-
ample, in the study of a classical model in the honeycomb/
triangular lattice, the tensor-network model defined in the
original/dual lattice should be used.

The projection method introduced in Sec. IV is an effi-
cient and accurate tool for evaluating the tensor-network
wave function for a quantum lattice model. It allows a
tensor-network state with a large bond dimension, for ex-
ample, D=70 in a honeycomb lattice, to be determined. In
the projection, the renormalization effect of the environment
is taken into account by a mean-field treatment of the bond
vector. This reduces significantly the truncation error at each
step of projection and enable the wave function to converge
fast with the increase in iterations. As both the Trotter and
truncation errors do not accumulate in the iteration of pro-
jection, the accuracy of the wave function can be well con-
trolled by adjusting the Trotter parameter 7.

The SRG is an accurate numerical method for evaluating
thermodynamic properties of classical tensor-network mod-
els as well as the expectation values of quantum tensor-
network states. It generalizes the TRG method of Levin and
Nave? to account for the renormalization effect from the en-
vironment in the decomposition of local tensors. This
method reduces dramatically the truncation error and im-
proves significantly the accuracy of TRG. The concept of
SRG is ubiquitous. The key idea is to maximize the entangle-
ment between system and environment in the basis trunca-
tion. It can be applied to the tensor-network models. It can be
also extended to apply to other physical problems where the
system can be divided into two parts and the interplay be-
tween them is important.

Both the projection method and the SRG can be applied to
a finite lattice system. They can also be applied to a system
without any translation or rotation symmetry. In this case,
one has to treat each tensor independently. The cost (both the
CPU time and memory space) scales linearly with the lattice
size.

The tensor-network wave function provides a good de-
scription for the ground states of two-dimensional quantum
lattice models. For the spin-1/2 Heisenberg model on a hon-
eycomb lattice, the ground-state energy obtained from the
tensor-network states converges fast with the bond dimen-
sion D. Our SRG results for D =16 already reach the accu-
racy of the recent quantum Monte Carlo calculation. By fur-
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ther increasing D or reducing the truncation error in the SRG
calculation, we believe that more accurate results for the
ground-state energy will be obtained in near future.

The tensor-network state satisfies the entanglement area
law. It captures the key feature of short-range correlations.
The correlation function between any two local operators in
a tensor-network state is always short ranged. In other words,
all low-energy excitations are gapped in a tensor-network
state. However, long-range correlations are not correctly de-
scribed by a tensor-network state with finite bond dimension.
This leads to a relatively large error in the determination of
physical quantities, such as the staggered magnetization in
the honeycomb Heisenberg model, whose values are gov-
erned by gapless low-lying excitations. To resolve this prob-
lem, one has either to increase the bond dimension or to
adopt a new type of tensor-network wave function, such as
the multiscale-entangled tensor-network state.**

The iterative projection and the SRG methods introduced
in this paper improve significantly the accuracy and effi-

PHYSICAL REVIEW B 81, 174411 (2010)

ciency in the study of tensor-network states/models. These
methods can be used to investigate the ground-state proper-
ties of interacting fermions® or frustrated quantum spin
models. It also has the potential to be extended to probe
thermodynamic as well as dynamic properties of quantum
lattice models in two dimensions. The application of these
methods is still in its early stage.*®*” Further development of
these methods may enlighten the route for the exploration of
new numerical renormalization-group methods and lead to
the solution of a number of problems that are difficult to be
solved by other methods.
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